In this paper, we consider the autonomous path tracking control problem of quadrotors with the presence of external disturbances and model parameter uncertainties change. A robust controller is derived and tested in simulation and practically on an AscTec Hummingbird quadrotor via H ∞ optimal design approach. The stability analysis was obtained via a selected Lyapunov function. Simulation results are compared with that of integral backstepping controller. Practically, the H ∞ controller was used to perform several manoeuvres such as take-off, square, circle, spiral and landing. Both simulation and practical results verified the stability and robustness of the proposed controller in the presence of external disturbances and model parameter uncertainties.
Introduction
In the past years, the interest in unmanned aerial vehicles (UAVs) such as quadrotors has been growing. Quadrotors can perform several tasks in real application scenarios in a high level of accuracy. They can be used in different applications, such as inspection of power lines and oil platforms, search and rescue operations, and surveillance (Bouabdallah and Siegwart, 2007; Enrico et al., 2016) .
Researchers have been focusing on design and implementation of many types of controller to control the attitude and the position of individual quadrotors. Several methods have been used to control the translational motion such as path tracking of the quadrotor. Path tracking of quadrotors were achieved using various types of controllers based on Euler angles and quaternion representations. Some of them were tested in practice and some of them in simulation.
From a practical point of view, various nonlinear control techniques based on backstepping approach were proposed and tested practically in Bouabdallah and Siegwart (2007) , Cabecinhas et al. (2014 Cabecinhas et al. ( , 2015 and Choi and Ahn (2014) to control the attitude and position of different quadrotor platforms. For instance, integral backstepping controller was implemented and tested practically on OS4 quadrotor platform to perform an autonomous take-off, hovering, landing and collision avoidance (Bouabdallah and Siegwart, 2007) . A nonlinear adaptive state feedback based on Lyapunov and backstepping controller was presented in Cabecinhas et al. (2014) to follow a time dependent path with constant force disturbance rejection. The proposed controller was tested on a radio-controlled Blade mQX quadrotor to verify the controller design. The controller was developed and retested to reject unknown force disturbances in Cabecinhas et al. (2015) . Choi and Ahn (2014) presented a new nonlinear controller based on a backstepping-like feedback linearisation technique for fully autonomous quadrotor systems. The new controller was compared practically in outdoor take-off with PID and another two nonlinear controllers. Experimental results show a good performance among the other controllers.
Moreover, nonlinear control techniques such as sliding mode and adaptive robust controllers were implemented and tested by some researchers (Sanchez et al., 2012; Xian et al., 2016; Barros dos Santos et al., 2015; Guadarrama-Olvera et al., 2014; Islam et al., 2015; Beul et al., 2014; Dingjiang and Schwager, 2014, 2012; Romero et al., 2012; Gomez-Balderas et al., 2014) . In Sanchez et al. (2012) , a second order sliding mode controller for attitude stabilisation based on quaternion sliding surface was presented. This leads to a PD controller for position components. The proposed controller was implemented in simulation and tested experimentally for path tracking. A sliding mode algorithm for way point flight control of a quadrotor in safe testbed was implemented in Xian et al. (2016) . Experimental results prove the validity of the proposed testbed and the controller stability. A strategy of adaptive scheme with learning reinforcement control was demonstrated experimentally in Barros dos Santos et al. (2015) . The proposed technique shows a successful performance when the quadrotor performed a transformation from one point to another. A nonlinear controller was designed for attitude and position control of a quadrotor in Guadarrama-Olvera et al. (2014) . The controller was tested practically with constant disturbance consideration. An adaptive robust controller was proposed in Islam et al. (2015) to cover the model uncertainty error and reject the disturbance. The controller was developed via Lyapunov-like energy function. The results were obtained by testing the proposed controller in a real quadrotor. In Beul et al. (2014) a nonlinear model-based position controller for quadrotor path tracking problem was presented. The controller was tested in simulation and real experiment. Practical results show a good performance in terms of overshot and settling time. In Dingjiang and Schwager (2014) , a differential flatness technique of quadrotor to follow a vector field as an input to the quadrotor was addressed. The mathematical model was derived and applied in simulation and experiment. In Dingjiang and Schwager (2012) , a translational linearisation and reduced quaternion parameter of the attitude was presented for quadrotor position control problem. The proposed feedback linearisation method was tested successfully in real quadrotor. A combination of a vision system of one camera with an IMU reading was proposed for quadrotor hovering stabilisation in Romero et al. (2012) . A low pass filter was used in real-time implementation to overcome the oscillations that appeared in the results. A vision-based control technique was developed in Gomez-Balderas et al. (2014) with two cameras and nonlinear based on separated saturation control approach. The experimental results obtained in hovering validate the effectiveness of the proposed technique.
Some researchers focused on optimal control techniques for quadrotor path tracking control problem. For example, the authors of Al Younes et al. (2014) implemented and tested the LQR controller with and without the model free control algorithm practically to track a predefined path. The results of these two approaches show the effectiveness of using the model free control algorithm. A linear quadratic (LQ) controller was also tested for estimated control of a quadrotor translational by tracking body accelerations in Mohamed et al. (2015) . The obtained results prove the validity of the estimated model. MPC controller was used for path tracking control of quadrotors in Gautham et al. (2014) . The path destinations were found by nonlinear guidance logic. The controller was tested for obstacle avoidance as well. A comparison between gain scheduled PID controller and model reference adaptive controller was achieved in Sadeghzadeh et al. (2011) by testing them for normal and faulty vehicle. The result shows that the first controller is easy to implement while the second controller is more robust. A nested P and PID control structure was presented in Sa and Corke (2011) to control the quadrotor position. The controller was implemented and tested in simulation and practically in an open source quadrotor. A nested PID controller was also proposed for full state quadrotor control in Jin-hua et al. (2011) . The obtained results prove the successful of the designed system.
In simulation, many control approaches have been introduced into path tracking control, such as backstepping, H ∞ , PID, MPC, LQR and sliding mode control techniques. Backstepping and MPC controllers were proposed in Raffo et al. (2008a Raffo et al. ( , 2008b for path tracking control. In Jasim and Gu (2014) a H ∞ controller was presented to solve the path tracking problem of the quadrotor with presence of external disturbances and model parameter uncertainties. LQR controller was applied successfully to quadrotor path tracking problem (Cowling et al., 2007; Spedicato et al., 2013; Suicmez and Kutay, 2014) . A robust quaternionbased sliding mode controller was introduced successfully with disturbance consideration in various aggressive paths in Sanchez et al. (2013) . MPC controller was implemented by Renato et al. (2012) for VTOL quadrotor. Simulation results were compared with that of PID controller.
As mentioned before, although that there are some existing works dealing with robust controllers, most of them do not deal with external disturbances and model parameter uncertainties together. Moreover, in the existing works the investigation of H ∞ suboptimal control algorithm is limited to simulation.
Nonlinear H ∞ control is an approach to providing robust performance against external disturbance, and is hardly ever discussed in the quadrotor path tracking problem owing to the difficulties in solving the Hamilton-Jacobi equation (or inequality), which is a multivariable partial differential equation. However, solving the Hamilton-Jacobi equation to find its generic solution can be alleviated by suboptimal approaches (Van der Schaft, 1992; Kim et al., 2015) . This is the strategy adopted in this paper. On the other hand, the use of nonlinear H ∞ control approaches could lead to a number of benefits. Firstly, it is able to attenuate the disturbance by measuring a ratio between the energies of disturbance and input signals (Van der Schaft, 1992) . Secondly, although it is a nonlinear control approach, the performance criterion can be included in the control objective and improved performance is expected. Thirdly, the stability under the external disturbance is guaranteed. Finally, the problem of finding a nonlinear controller leads to a parameter tuning problem, which is ease to handle (Kim et al., 2015) . Owing to these reasons, the nonlinear H ∞ control approach is chosen in this work. This paper presents a H ∞ suboptimal control approach to the predefined path tracking control of a quadrotor in the presence of external disturbances and model parameter uncertainties. The control scheme is one loop control to find the total thrust and the torque vector. The simulation results obtained by the H ∞ controller are compared with that obtained by integral backstepping control approach described in Jasim and Gu (2015) , which is depend on two loop control strategy. Then the H ∞ controller is tested on a real vehicle to validate its performance. This controller is derived and its stability is analysed via Lyapunov theory. The simulation and practical results show a robust performance in terms of disturbance rejection and model parameter uncertainties change recovery.
The rest of the paper is structured as follows. Section 2 presents the quadrotor platform used in this work and its mathematical model. Section 3 provides a review on H ∞ optimal control approach and the controller derivation. Section 4 demonstrates the simulation results. Section 5 provides practical results. Our conclusion and future work are given in Section 6.
Dynamic system

Quadrotor platform
The experimental platform available at the robotic laboratory at the University of Essex used in this paper is an AscTec Hummingbird quadrotor which is designed by Ascending Technology shown in Figure 1 . Its specification is illustrated in Table 1 . It is mounted by two microcontrollers with a (60 MHz) CPU clock, running at 1 kHz and executing several tasks simultaneously. It has also two standard XBee-PRO wireless serial link modules to send and receive the packet data from the computer to the UAV and vice versa through 12 direct sequence channels and its actual transmission rate is up to 100 Hz sending IMU and gyro data. Moreover, the quadrotor has an IMU sensor with small neglected errors in indoor and outdoor applications, whereas the others have significant errors in indoor applications, and useful only in outdoor, such as GPS and Barometer (Rosa, 2011; Digi International, Inc., 2011) . 
Dynamic model
The dynamic model of a quadrotor including the gyroscope effects G(ω) can be written as:
where
T is the angular velocity of a quadrotor in body frame, ω is the skew-symmetric matrix, the vector e = [0, 0, 1] T , J is the 3 × 3 diagonal matrix representing three inertial moments in body frame, G(ω) represents the gyroscopic effect, f = f 1 + f 2 + f 3 + f 4 is the total force applied to the quadrotor, 3 τ ∈ R is the torque vector applied on the quadrotor, and the rotational matrix R from inertial frame to body frame is cψcθ cψsθsφ sψcφ cψsθcφ sψsφ R sψcθ sψsθsφ cψcφ sψsθcφ cψsφ
where c and s represents the cosine and sine functions respectively. Assuming that φ, θ, ω x , ω y and ω z are very small, (1) can be written as:
The tracking errors can be defined as 
The main goal is to drive asymptotically the quadrotor towards the desired position p d from an initial position with the effect of added disturbances tending to disappear and changed parameters tending to be recovered by satisfying the following conditions:
Now, we consider the robust control approach to the path tracking problem. When considering [ , ]
T as the disturbance applied to the nonlinear system (3). Those disturbances are used here to model the changes of mass and moment, and the wind disturbances. Let
The dynamic system (3) with the disturbance d can be written into an affine nonlinear form:
where ( )
3 Controller design
H ∞ suboptimal control approach
In this section, a brief overview on H ∞ suboptimal control approach is summarised for systems of the form:
where n ∈ x R is a state vector, m ∈ u R is an input vector, p ∈ y R is an output vector, and q ∈ d R is a disturbance vector. Detailed information on H ∞ control approach can be found in Van der Schaft (1992) .
We assume the existence of an equilibrium x * , i.e., f(x * ) = 0, and we also assume h(x * ) = 0. Given a smooth state feedback controller:
the H ∞ suboptimal control problem considers the L 2 -gain from the disturbance d to the vector of z = [y
. This problem is defined below.
Problem 1: Let γ be a fixed non-negative constant. The closed-loop system consisting of the nonlinear system (6) and the state feedback controller (7) is said to have L 2 -gain less than or equal to γ from d to z if ( )
for all T ≥ 0 and all d ∈ L 2 (0, T) with initial condition x(0), where 0 ≤ K(x) < ∞ and K(x * ) = 0. For the nonlinear system (6) and γ > 0, define the Hamiltonian H γ (x, V(x)) as below:
Theorem 1 ( Van der Schaft, 1992) : If there exists a smooth solution V ≥ 0 to the Hamilton-Jacobi inequality:
then the closed-loop system for the state feedback controller:
has L 2 -gain less than or equal to γ, and K(x) = 2V(x).
The nonlinear system (6) is called zero-state observable if for any trajectory x(t) such that y(t) = 0, u(t) = 0, d(t) = 0 implies x(t) = x * .
Proposition 2 ( Van der Schaft, 1992) : If the nonlinear system (6) is zero-state observable and there exists a proper solution V ≥ 0 to the Hamilton-Jacobi inequality, then V(x) > 0 for x(t) ≠ x * and the closed loop system (6), (11) with d = 0 is globally asymptotically stable.
Theorem 1 and Proposition 1 are from Van der Schaft (1992) and they are cited here for convenience.
H ∞ path tracking controller
In this section, a state feedback H ∞ suboptimal controller will be designed for the path tracking problem. First, a robust controller will be synthesised via H ∞ optimal design approach. Solving the nonlinear H ∞ optimal control problem using state feedback will be meltdown to finding a solution to a Hamilton-Jacobi inequality. Based on the quadrotor dynamics, an appropriate parametrised Lyapunov function will be selected and the corresponding state feedback controller will be derived. Then, the parameters will be found from a Hamilton-Jacobi inequality. The resultant state feedback controller can lead to a closed-loop nonlinear system having L 2 -gain less than or equal to a constant γ, and establish the asymptotic stability of the closed-loop nonlinear system without external disturbance.
The following form of V is suggested for the path tracking model (5):
( 1 2 ) where diagonal matrices K p > 0, K ζ > 0, K v > 0 and K η > 0 are the proportional and derivative gains and C p > 0 and C η > 0 are constants. And its derivative
The following diagonal weighting matrices are chosen Problem 2: Given the equilibrium point x * , find the parameters K p , K ζ , K v , K η , C p and C ζ in order to enable the closed-loop system (5) with the above controller u (13) to have L 2 -gain less than or equal to γ.
Next, we want to show our main result in the following theorem.
Theorem 3: If the following conditions are satisfied, the closed-loop system (5) with the above controller u (13) has L 2 -gain less than or equal to γ. And the closed-loop system (5), (13) with d = 0 is asymptotically locally stable for the equilibrium point x * . 
It is trivial to show that the nonlinear system (5) is zero-state observable for the equilibrium point x * . Further due to the fact that V(x) ≥ 0 and it is a proper function (i.e., for each ρ > 0 the set {x: 0 ≤ V(x) ≤ ρ} is compact), the closed-loop system (5), (13) 
Then the total force and the torque vector applied to the quadrotor, f and
where the diagonal matrices
Simulation results
The proposed H ∞ controller was tested in a MATLAB quadrotor simulator. To test the robustness of the proposed controller, two paths were used. For these two paths, the model parameter uncertainties (mass and inertia) were increased and decreased by ±30% and a force disturbance of 2 Nm was added in different operation time to the positions for 0.25 second duration, while the disturbances added to the attitude is of the form d φ = d θ = d = ψ = 0.01 + 0.01 sin(0.024πt) + 0:05 sin(1.32πt). The results were compared with that of integral backstepping controller (21), (22) and (23) obtained by Jasim and Gu (2015) . The quadrotor parameters used in the simulation are described in Table 1 : The first desired path used was defined by: As can be seen in Figures 2 to 7 , simulations of the proposed H ∞ controller showed good performance in terms of position tracking errors. The desired path (black) is tracked by the proposed controller (:red) and it is caught with less than 2 seconds. In addition, the controller under disturbance (-blue) can track the desired path and recovers from the disturbances within less than 3 seconds. The controller under +30% model parameter uncertainty (:magenta) and -30% model parameter uncertainty (-black) can track the desired path as the nominal path. As shown in Figures 8 to 13 , the integral backstepping controller (:red) also can track the desired path (black) but with more than 3 seconds and higher position tracking errors. In addition, the controller under disturbance ({blue) can track the desired path and recovers from the disturbances within more than 4 seconds and long oscillations in the first path and it cannot track the desired path in the second path. The controller under +30% model parameter uncertainty (:magenta) and -30% model parameter uncertainty (-black) can track the desired path with errors higher than the H ∞ controller. In general, it can be seen that the proposed controller is able to track the desired trajectories. The expected robustness is demonstrated by the disturbance rejection and the recovery from changes caused by the parameter uncertainties. The comparison between the two controllers illustrates that the proposed H ∞ controller performed better than the integral backstepping controller in terms of the convergent speed, the speed of disturbances rejection and position tracking errors.
Finally, from the equations of the two controllers, it is noticed that the integral backstepping controller has the coupled terms among the constant parameters. These terms make the tuning of the parameters difficult and complex, while the parameters of the H ∞ controller are decoupled, which are easier to tune. Moreover, the integral backstepping controller has an integral part and it is coupled with the linear velocity error. This part leads to some overshoot in the response and high oscillation in disturbance rejection.
Experimental results
In order to validate the proposed H ∞ controller and assess its robustness to the external disturbances and weight changes, the controller was implemented on an AscTec Hummingbird quadrotor (Figure 1 ) and tested to follow three different paths in indoor flights with considering of the external disturbances and weight changes. The information used to control the quadrotor were received from an Inertial Measurement Unit IMU, mounted on the quadrotor itself and from a Vicon Motion Capture System which is fixed in the Robot Arena Lab. The speed and the angular velocity of the quadrotor were received from IMU sensor while the estimated position of the quadrotor was received from the Vicon system. Figure 14 shows the control diagram used in this work, here we notice that the communication between the computer and the quadrotor was achieved via two Xbees; the first one is mounted on the quadrotor while the second one is connected to the computer. The position of the quadrotor is obtained and calculated by the Vicon system at 50 Hz and received by the computer to be used in the controller calculations which runs at 50 Hz. Then the controller's action is sent to the vehicle via the Xbee to the high level on-board microcontroller which directly controls the vehicle dynamics. The three trajectories to be followed by the vehicle are:
1 It takes-off at the origin point and hovers at 1.5 metres, then it moves 1 metre towards x-direction. After that, it draws a square of 2 metres side length and then lands.
2 It takes-off and hovers at 1.5 metres above the origin point. Then it moves 1 metre towards x-direction, draws a circle of 2 metres diameter and lands.
3 It takes-off and hovers at 0.5 metres, flies around a vertical spiral of 1.5 metres height and 2 metres circle diameter, moves 1 metre towards the origin point and then lands. The results are illustrated in Figures 16 to 21 with (:red) the normal performance, (:magenta) the performance of +20% mass, and ({blue) the performance with disturbances (the external disturbance input is introduced by a wooden stick). Figure 15 shows the take-off for 1.5 metres, hovering for 60 seconds and landing with disturbances in different time and direction. Figure 16 illustrates the performance of the vehicle tracking the first trajectory in three dimensions, and Figure 17 shows its top view. Figures 18 and 19 demonstrate the performance of the quadrotor following the second path in three dimensions and two dimensions X -Y horizontal plane, respectively. The results of tracking the third path in three dimension and its positions are illustrated in Figures 20 and 21 , respectively. The disturbances of the trajectories in these figures were caused by the external force exerted on the vehicle. As depicted in these figures, the controller achieves good tracking performance with very small overshoot and steady state error. The results also show the very good robustness in the presence of weight changes and external disturbances. The controller shows the ability of recover the effect of external disturbance and the weight changes quickly and smoothly. It should be noted that the proposed controllers are able to track different trajectories, reject the external disturbances and cover the model parameter uncertainties practically with very small error.
Conclusions
A robust nonlinear controller is proposed for path tracking of quadrotors. The proposed controller is based on the H ∞ optimal design approach. The main advantage of using H ∞ controller is that it takes into account the physical system parts in the derivation with external disturbance consideration. Stability analysis is established via Lyapunov theory and Hamiltonian Jacobi function. Simulation results are compared with that of integral backstepping controller with external disturbance and model parameter uncertainty consideration. Different flight scenarios are tested on the vehicle and the results are obtained in nominal condition as well as in conditions of weight change and also the presence of external disturbances. The simulation and practical results show that the proposed H ∞ controller has achieved very good performance. In our future work, we aim to derive and test the H ∞ controller in leader follower formation on two real quadrotors.
